A special pattern of thermoacoustic oscillation has been observed in a Rijke burner. The acoustic pressure histories show obvious amplitude modulation at very low frequencies, namely beating instability. Accompanied with the amplitude modulation, the porous-plug stabilized flame also shows low frequency pulsations. This beating can be caused by the interaction of flame dynamics at different time scales. Accordingly, dynamic models of a ceramics stabilized flat flame are developed at two distinctive time scales and embedded in an acoustic network system. Simulation results show that low frequency flame temperature pulsation can lead to obvious amplitude modulation. Furthermore, aiming to suppress the beating instability with active control, the effects of amplitude modulation on thermoacoustic oscillation control have been studied. A phase shift controller and a phase lag compensator are tested, and the simulation results illustrate the challenge that may be encountered in the control of beating instabilities.
INTRODUCTION
Unsteady combustion in a premixed system can give rise to significant heat release perturbation in a compact zone. When the heat release rate fluctuation and the acoustic wave in the combustor are in phase, a positive feedback loop can be built and thermoacoustic instability occurs. In large power combustion systems, thermoacoustic instabilities can be very intense; they lead to high acoustic noise levels and increased NOx emission. The strong pressure oscillations can even cause structural failure [1] . To suppress thermoacoustic instabilities, great efforts have been taken to reveal the thermal and acoustic coupling mechanisms and to develop active control methods. Active control is implemented by forcing automatically controlled excitations, such as acoustic perturbation or fuel modulation, on the combustion system to attenuate combustion oscillations. This technique is promising to work efficiently over a wide range of conditions without risking combustion efficiency decreases and NOx emission deterioration [2] . Model-based feedback control works effectively to reduce the pressure fluctuation in laboratory combustors. To improve the effectiveness and robustness of active control, it is essential to further understand and describe the dynamic system with proper models.
Flame dynamics play an important role in the thermoacoustic coupling process. Because it involves many processes including mixing, vortex, combustion and heat transfer, flame dynamics may vary significantly in different combustors or under different working conditions [3] . Limit cycle is usually observed in an unstable combustion system when the small amplitude perturbation develops into its final state. Due to complex flame dynamics, the combustion system can give rise to variable amplitude oscillations and even chaos. Boudy et al. [4] found beating oscillations in a multi-flame burner. By comparison of the peaks in the acoustic pressure spectrum and the natural acoustic mode frequencies, the oscillations are classified into two classes. The first class features like quasi-periodic oscillations with a nearly stable oscillation amplitude, and can be explained by superimposition of two linear unstable modes. This oscillation is also found in a swirl combustor [5] . The second class shows obvious low frequency amplitude modulation. Boudy et al. [4] explain it as an overlap of a linear unstable mode and a nonlinear unstable mode, however, the physical mechanism for this amplitude modulation requires further study. The second class of beats are the main focus of the present work.
Under varying amplitude conditions, flame exhibits significant deviation from the mean state. Kabiraj et al. [6] have investigated the transition of thermoacoustic oscillations in a duct burner from limit cycle to quasi-periodic oscillations, intermittent oscillations, and finally to chaos. The intermittency occurs in sequential bursts of acoustic pressure oscillations; repeated lift-off and reattachment flame movement can be observed. In a Rijke tube burner [7] , Weng et al. found very low frequency (~1 Hz) flame pulsations in addition to the acoustically forced flame oscillations (~250 Hz). The flame pulsations can periodically alter the acoustic pressure amplitude, leading to the beating oscillations. In this beating instability, the period of acoustic pressure fluctuation (~4 ms) is much smaller than the beat period (~1 s) and the flame exhibits very different behaviour at the two time scales. Under acoustic perturbations, different time scale dynamics can be coupled to each other; therefore, the interaction of these dynamics needs to be considered to understand the amplitude modulation.
Active control of thermoacoustic instability is another topic that has drawn a great deal of research interest. Aiming to change the phase relationship between acoustic pressure and heat release rate, phase shift controllers [8] were used in the early age of thermoacoustic instability control. Afterward other fixed parameter controllers, such as phase compensators and H ∞ loop-shaping controllers, and adaptive controllers, such as model-based self-tuning regulators (STR) and extremum-seeking controllers, are widely studied by numerical simulations and experimental investigations [2, 9] . According to previous experience, model-based controllers are more likely to succeed in real combustors [10] . Usually, linear approximation is used to model flame dynamics. However, flame dynamics are strongly nonlinear and difficult to be described. Flame dynamics at different time scales are impossible to be fully described with low order models, thus few investigations discuss the interaction influence of flame dynamics at different time scales on the effectiveness of active control. In beating oscillations, the low frequency flame pulsation may challenge the validity of a controller even though it can suppress the limit cycles. Choi et al. [11] investigated the open loop control of beating oscillations in a premixed swirl combustor and found that secondary fuel injection can suppress the instability, however, secondary fuel-air mixture injection is not effective. To the best of the authors' knowledge, no feedback control of beating oscillations has been reported.
In the next section, the experimental results are given to distinguish the beating oscillations. The flame dynamics at different time scales are discussed. In Section 3, the complete thermoacoustic model is presented in which the flame dynamics at two time scales are modelled separately. Section 4 illustrates the simulation results of beating oscillations and the active control results with two traditional controllers. The final section gives the conclusions and suggests further work.
under mild air supply rates. In the experiments, the burner can sustain a limit cycle over 200 Pa. [7] Weng et al. [7] give detailed description of the experimental setup. A photodiode equipped with a photomultiplier tube (PMT) is used to measure the global OH* chemiluminescence intensity of the flame, which can be taken as an indicator of the heat release rate. Instantaneous flame images during oscillations are recorded using a camera with an intensified charge-coupled device (ICCD).
The beating oscillations observed in the Rijke burner are shown in Figs. 2 and 3 . Under different equivalence ratios and flame holder geometries, the pressure oscillations present various beat frequencies and envelops. The oscillations can be divided into two classes as in [4] . Fig. 2 compares typical cases of the two classes. The first case is quasi-periodic ( Fig. 2(a) ), and the second case features pure amplitude modulation (Fig. 2(b) ). By power spectrum analysis, it is found in case 2(a) that the first two unstable modes appear at two non-harmonic frequencies, [12, 13] . In case 2(b), the most unstable modes are harmonics of the fundamental acoustic mode, 246.5 Hz and 493 Hz. This low frequency beating oscillation is always dominated by the fundamental frequency, but its amplitude varies greatly. A very low frequency heat release rate pulsation can also be observed when the low frequency beat occurs. More patterns of amplitude modulation can be found in Fig. 3 . They are all dominated by the fundamental unstable mode, and the beating patterns stably continue in each case. Compared to the beating oscillations as case 2(a), the oscillations with very low frequency amplitude modulation as case 2(b) and cases 3(a) ~(f) receive much less research. In the following study, the low frequency beating oscillations with obvious amplitude modulation are examined.
In the experiments, instantaneous flame images are also recorded to characterize the flat flame dynamics under acoustic perturbations. Fig. 4 shows phase averaged flame images taken by an ICCD camera in a limit cycle. The flame thickens by the heat loss to the flame holder, and its intensity changes significantly during one period (approximately 3.85 ms). This variation is the most important factor contributing to the thermoacoustic coupling in the Rijke burner. The kinetic flame behaves like a well-stirred reactor in which the combustion of the mixture is controlled by chemical kinetics. This mechanism is different from the one responsible for the heat release rate response of a long conical flame or a bluff body stabilized flame under acoustic perturbation in which the flame surface area fluctuation plays a key role [3] . In addition to the flame oscillations at the acoustic time scale as given in Fig. 4 , slow flame pulsations at a much large time scale (~1 s) can be observed when beating oscillation occurs. The flame remains flat, but its location above the flame holder fluctuates at the beat frequency. This is also accompanied by obvious flame brightness variations.
In the view of a nonlinear dynamic system, the energy of a low frequency mode tends to transfer into higher frequency modes; it is not likely to inversely occur in most practical systems [14] . In a thermoacoustic system, the intense, low frequency flame pulsation is difficult be directly caused by the acoustic pressure fluctuations. Considering the nonadiabatic condition of the burner stabilized flame, the intrinsic flame instability may be a possible mechanism. A burner-stabilized flat flame is susceptible to a flame pulsating instability due to the diffusional-thermal imbalance. This type of intrinsic instability has been investigated extensively in the area of laminar flame propagation [15, 16] . For a free propagating flame, a large enough Lewis number is required to achieve the pulsating instability; however, for a burnerstabilized flame, the heat loss can significantly reduce the critical value of the Lewis number [16] . In the present study, the flat flame is very close to the flame holder surface, and the heat transfer between the flame and the holder can be enhanced under strong acoustic perturbations. Therefore, it might satisfy the conditions for intrinsic pulsating instability to occur in the present Rijke burner. Flame instability occurs at a very low frequency, mostly in the range of 5~80 Hz [17] . This frequency can be even lower for a weak flame or under large heat loss conditions [18] .
MODELLING 3.1. Flame dynamics
The above experimental results show that the flame undergoes oscillations at two distinctive time scales: the acoustic timescale (~10 -3 s) and the beating oscillation amplitude modulation time scale (~1 s). In a combustion process, different characteristic time scales correspond to different controlling mechanisms, such as chemical reaction, thermal diffusion and convection. So it is natural to separately consider the different flame responses. In the linear analysis of flame dynamics under acoustic perturbation, a mean flame state needs to be specified. When low frequency flame pulsation occurs, the mean flame for the acoustic time scale dynamics would be time-dependent. In the beating oscillations considered here, the very slow pulsating flame can be considered as quasi-steady for the thermoacoustic coupling process.
The flame images in Fig. 4 motivate the modelling of flame dynamics at the acoustic time scale using a well-stirred reactor (WSR). In a WSR, fuel and air are fully mixed and the gas properties are uniform in the reactor. Therefore, the combustion is only controlled by chemical reactions and the flame intensity varies under acoustic perturbation. The governing equations of the WSR are given by:
Fanglong Weng, Makeximu, Donghai Li and Min Zhu where m, E, and Y k are mass, energy and mass fraction of species k in the WSR, respectively. m . is the mass flow rate, h is the enthalpy, q r is the combustion heat release rate and w . k is the consumption rate of species k. MW is the molecular weight and V wsr is the reactor volume. Subscript "in" refer to the inlet condition. Using the one-step reaction mechanism, the heat release rate is given by (2) where Dh r is reaction enthalpy, A r is the pre-exponential factor of the Arrhenius law, E a is the activation energy, R is the gas constant and n is the reaction order.
Using linear perturbation analysis, Park et al. [19] derived a first order kinetic relationship between the heat release rate fluctuation q¢ and the premixed gas flow velocity fluctuation u¢ as follows: (3) where
The over bar and the prime refer to the mean value and the perturbation part of a parameter, namely . Eqns. (4a) and (4b) show that the heat release rate fluctuation is influenced by the mean mixture components and the mean flame temperature. When the fuel/air ratio is not far from stoichiometry, α and β are both positive. As T -decreases, β can be negative and lead to a sudden phase change of π between q¢ and u¢. This phase change may alter the stability of a thermoacoustic system. T -varies with the equivalence ratio (f), and it is also influenced by heat loss through radiation and conduction in a non-adiabatic burner. With the constant specific heat capacity (c p ) assumption, T -can be obtained by
Here the conduction heat loss q cond is estimated by a linear correlation with the temperature difference between the flame and inlet gas, as given in eqn. (5) . (6) Thus the conduction heat loss is controlled by the coefficient k cond . The radiation heat loss q radi is calculated by the black body radiation law. The total heat release rate is calculated by [20] ( 7) where A wsr is the cross section of the WSR. 
JOURNAL OF LOW FREQUENCY NOISE, VIBRATION AND ACTIVE CONTROL
When the intrinsic flame pulsating instability is not considered, T -is time invariant at the given flame conditions. However, in the present Rijke burner, the porous-plug stabilized flat flame is susceptible to diffusion-thermal instability, which leads to intrinsic flame pulsations. This flame pulsating instability is sensitive to the fuel flow rate, the equivalence ratio and the thermal boundary conditions [16] . The reliable prediction of the instability depends on well-defined boundary conditions and it needs to account for the detailed chemical reactions. Some experimental and numerical results show that the flame pulsation frequency is mostly within the range 5~100 Hz under environmental conditions [17, 18] . The frequency can be even smaller near the lower limit of the fuel flow rate or with enhanced heat loss [18] . Because the flame pulsating instability and the thermoacoustic coupling occur at two distinctive time scales, detailed simulation of the flame dynamics is costly and not suitable for further study of active control. For simplification, the detailed dynamics of flame pulsation will not be discussed here. It is modelled as a low frequency flame temperature pulsation (T wsr ): (8) where F pul is the temperature perturbation wave form and μ gives the perturbation strength. Only the low frequency flame temperature pulsation is modelled here because the thermoacoustic coupling process is more sensitive to the mean flame temperature than the other mean state parameters according to eqn. (4) . When the slow flame pulsations occur during thermoacoustic oscillations, the mean flame temperature T -in eqn. (4) should be time-varying. As the time scale of the flame pulsation is three magnitudes larger than that of the flame dynamic described by eqn. It should be mentioned that the mean fuel mass fraction Y -may also vary in the slow flame pulsation, but it influences the parameters α and β by a less sensitive relationship than T -as seen in eqns. (4a) and (4b). In both laminar and turbulent burners, the behaviour that the flame departs its mean state in a few intermittent periods during thermoacoustic oscillations can be occasionally observed. It is instructive to investigate the effect that low frequency flame temperature fluctuations can have on the thermoacoustic coupling process and the active control of thermoacoustic instability.
Acoustic waves
In the frequency range where thermoacoustic instability occurs in the Rijke burner, only longitudinal acoustic waves are concerned. The thermoacoustic system can be modelled as a network of pipes with an embedded combustion section [21] . The mean gas flow in the quartz tube is assumed to be steady and one-dimensional. The flame region is considered to be acoustically compact, and the mean flow temperature changes across it. The acoustic waves upstream and downstream of the flame region can be expressed by f (t), g (t), h (t) and j (t), as shown in Fig. 1(a) .
c -is the sound speed, and the subscripts 1 and 2 denote the downstream and upstream parameters of the flame. The above waves can be related by pressure reflection coefficients at the upstream end (R u ) and downstream end (R d ),
where x 1 and x 2 are the lengths of the upstream and downstream regions, respectively. The Ma number effect on the acoustic wave propagation has been neglected. To model the thermoacoustic coupling, the conservation equations of mass, momentum and energy across the flame zone are used. Following the perturbation analysis conducted by Dowling et al. [22] , the above equations can be represented by the matrix equation:
Mach numbers (M 1 and M 2 ) in the present study are very small and can be neglected. γ is the specific heat ratio. A f is the cross section area of the flame region. The unsteady heat release rate acts as a source term in the acoustic wave propagation.
Active control
Active control is implemented using a loudspeaker as the actuator. The acoustic wave generated by the loudspeaker changes the velocity perturbation at the flame position, (12) where I (t) is the acoustic force at the flame. This velocity perturbation leads to unsteady heat release rate as given by eqn. (3). Applying Laplace transform to eqn. (3) gives (13) which is essentially a first order filter. Introducing this transfer function to eqn. (11) and adding the acoustic force I (t), the thermoacoustic system with active control in the Laplace transform gives
In the active control, the acoustic pressure P m (s) is used as the reference signal. The measurement point is set at the downstream side of the flame, x m from the
h t x c q A c
0 . 
where matrix Z is (16) and the loudspeaker response L(s) is modelled to be
The time delay t L represents the phase difference between the electric signal and the acoustic wave at the flame. The gain k L can be adjusted by a power amplifier.
RESULTS

Beating oscillations
With the proposed flame models and the acoustic network model, thermoacoustic oscillations in the Rijke burner are numerically calculated. To obtain a limit cycle, the saturation model in the heat release rate fluctuation is adopted [21] , (18) The saturation of the heat release rate response plays a crucial role in the amplitude of a limit cycle. According to the experiment result, c s takes a moderate value 0.08 in the following simulations. The flame is located 0.16 m from the lower end of the quartz tube and the reference pressure for the active control is measured at 0.53 m. The premixed gas supply velocity is fixed at 0.25 m/s, the inlet temperature is 283 K and k cond is 0.10. When the equivalence ratio is larger than 0.76, thermoacoustic instability appears. 
Controller
To investigate the effects of low frequency temperature pulsations, F pul is taken to be a 2 Hz harmonic wave, thus the WSR temperature varies in the form:
Two values of μ are considered in the following two cases: 0.03 and 0.05. In both cases, obvious amplitude modulation in acoustic pressure amplitude can be observed. In case 6(b), there are periods that the acoustic pressure amplitude can even be reduced to nearly zero. It is also interesting to find that there is a phase delay between the occurrence of maximum acoustic wave amplitude and the peak of the pulsating WSR temperature. If the pulsating amplitude of T wsr is large enough, the parameter β in eqn. (3) may change the sign when the pulsating T wsr approaches to its minimums. This leads to the phenomenon that two wave packets of the heat release rate fluctuations appear in one beating period, as shown in Fig. 6(b) .
Controller design
Though plenty of studies on thermoacoustic instability control have been carried out, few o concentrate on the low frequency flame pulsation effect. To reveal the challenges that may exist in the control of beating oscillation, two widely used controllers for the control of the limit cycle are considered here: a phase shift controller and a phase compensator [10, 23] . Because the dominant frequency stands out significantly in the spectra of the limit cycle and the beating oscillation, it is easy to implement a phase shift controller to destroy the phase relationship between the acoustic wave and the heat release rate fluctuation: (19) where the time delay t c can be optimized according to the phase difference between the measured pressure signal and the heat release rate signal. The time delay of the actuator system should be considered in the optimization. The phase compensator can be put in the following structure: (20) r is the order of the controller. The condition λ = b/a > 1 is used to obtain a phase-lag compensator that introduces less effects on the higher order mode. This controller is designed based on the OLTF. As Fig. 7 shows, the first peak in the OLTF gain plot and the corresponding phase shift of +π indicate that the fundamental resonance mode is unstable with a frequency approximately 264 Hz. To achieve enough gain margin, the value of b/a needs to be large enough, but the phase margin constraints the limit of this value. A compromise result gives λ = 4.2 when r = 2 is chosen. The frequency response of this controller is shown in Fig. 8 . The two controllers are tested on the limit cycle control and then used to control the beating oscillations with the low frequency pulsating flame temperature T wsr . As Fig. 9 shows, the phase shift controller successfully controls the limit cycle at the low equivalence ratio; however, it invokes another limit cycle at a higher frequency, which corresponds to the third acoustic resonance mode of the tube. This is the 'secondary peak' phenomenon that has been reported by Fleifil et al. [23] The compensator controller has more robustness to avoid this secondary peak, but it spends more time to suppress the oscillations at the larger equivalence ratio than at the smaller one. As a larger f means a higher heat release rate and a higher WSR temperature, the above active control results indicate that the flame temperature pulsation during beating oscillations may cause failure of the active control.
Active control of beating oscillations
To investigate the active control of beating oscillation, the equivalence ratio is fixed at 0.8, and the flame pulsating strength parameter μ is set to 0.05 in all of the following cases if not particularly indicated. Under these conditions, the beating oscillations present moderate amplitude modulations that are mostly observed in the experiments. When the perturbation of T wsr takes a harmonic waveform, the two controllers are tested. Fig. 10 shows that the phase shift control can suppress the pressure oscillations, and the combustion system remains stable. Fig. 11 shows that the compensator control tends to suppress the oscillations in the first few beat periods after the control is turned on, but the third acoustic mode becomes unstable and grows into a new beating oscillation. This unstable mode transition as shown in the time frequency diagram of the acoustic pressure history, as given by Fig. 12 .
In the beating oscillation control case, the higher mode becomes unstable mainly because the phase-lag compensator shown in Fig. 8 changes the gain and phase of the higher modes. This effect can be reduced by the decrease of λ, however, this value is limited by the phase margin needed at the first unstable mode. Under strong flame temperature pulsation, the requirements for all of the modes to be stable are difficult to always be met. This seems to be a challenge for the fixed-parameter controllers. Additionally, nonlinearity and non-normality in a thermoacoustic system can contribute to the instant growth of the higher order modes. Though not studied in the present work, this is a factor that may fail the active control.
In Fig. 13 , one more case is tested with the phase shift controller to test the active control effect under intermittent flame temperature perturbation. A square waveform perturbation at 2 Hz is used. The result shows that the third mode becomes unstable under the phase shift control, but the beating oscillation after the phase shift controller is turned on shows a much smaller amplitude than that with the phase-lag compensator controller. The square waveform perturbation allows the WSR to remain longer at the high temperature state in one period; this may allow more time for the unstable mode to grow. However, this seems not to be the only reason for the beating oscillation control failure. In the simulated thermoacoustic system, the flame response to acoustic waves is, in fact, a nonlinear process. The relationship between α (β) and T -(eqn. (4) ) and the saturation model (eqn. (18)) contribute to the nonlinearity. The transient dynamics of thermoacoustic coupling need to be further investigated to explain the above simulation results. To guarantee the long term stability of a combustion system that exhibits beating oscillations, nonlinear dynamics should also be considered even when the controller can fulfil all of the conditions to achieve linear stability.
CONCLUSIONS
Beating oscillations have been observed in the Rijke burner with a burner stabilized flat flame. This paper focuses on the beating oscillations that show very low frequency amplitude modulations. Based on the experimental results, the flame dynamics are modelled at two distinctive time scales and the low frequency flame temperature pulsation is supposed to be the key parameter that controls the amplitude modulation behaviour in the beating oscillations. Using the acoustic network method and the proposed flame model, the simulations successfully reproduce the main characteristics of low frequency beating oscillations. A phase shift controller and a phase-lag compensator are used to study the active control effects on beating oscillations caused by low frequency flame pulsations. The simulation results show that, under strong flame temperature pulsation conditions, the controllers may fail to suppress the oscillations because a higher order unstable mode appears. Further investigations are needed to improve the long term stability of the controller for beating control and to analyse the nonlinear dynamic effects that may contribute to the mode transition during the active control of beating oscillations. 
